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Abstract 
Problems of deep bed filtration of the suspension in a porous soil are important for the design and construction of tunnels and 
hydrotechnical structures. A size-exclusion model of solid particle capture in a porous media is considered. For deep bed 
filtration equations an asymptotic solution for the concentrations of suspended and retained particles is constructed at the filter 
inlet. The asymptotics is compared with numerical solution. A new condition on equation coefficients is obtained. 
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1. Introduction 
The transport of suspension in porous medium occurs in a variety of industrial and natural processes [1-3]. The 
movement of groundwater and its influence on the structure and strength of the soil should be considered when 
designing and constructing tunnels and hydraulic structures. A wide range of wastewater and liquid industrial waste 
cleaning systems use porous filters for retaining solid particles [4, 5]. 
When the suspension - a fluid with tiny suspended solid particles passes through a porous medium some of the 
particles get stuck in the pores of the filter. Consider the size exclusion model of particle capture, based on the ratio 
of the particle and pore sizes [6, 7]. If a particle is larger than the pore diameter, it gets stuck at the inlet and clogs 
the pore; if a particle is smaller than the pore, it passes freely through the pore channel (see fig. 1). 
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Fig. 1. The scheme of suspended and retained particles in a porous medium. 
Deep bed filtration is a long-term filtering process throughout the porous medium. At the initial moment the 
porous medium does not contain any particles. A suspension flow begins to move from the inlet to the outlet of the 
filter, filling it with particles. The boundary between the suspension and the empty part of the filter forms the 
concentration front of suspended and retained particles. After the front reaches the outlet of the filter, the entire 
porous medium is filled with particles. Over time new particles enter the porous medium and clog free small pores, 
so the concentration of retained particles increases. It is assumed that the retained particles forming a deposit cannot 
be knocked out of the pores by the flow of fluid or by other particles. 
2. Deep bed filtration equations 
At the macroscopic level, the filtration of 1-size particles in a porous medium is determined by the system of two 
first order quasi-linear differential equations [8] 
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Here the unknown functions ( , ), ( , )C x t S x t  are the concentrations of suspended and retained particles. It is 
assumed that the porosity and permeability of the porous medium changes with the increase of the deposit. 
Therefore in contrast to the classical model of deep bed filtration [9] the coefficients of particle balance equation (1) 
depend on the value of retained particle concentration ( , )S x t . The function ( )S/  at the right part of particle 
capture equation (2) is called a filtration coefficient. ( )S/  is determined by the concentration and size of pores that 
are smaller than the particles. 
The system of equations (1), (2) is treated in the domain {0 1, 0}x t:    ! . 
The boundary conditions for the system (1), (2) are placed at the filter inlet 0x   and at the initial moment 0t   
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If the coefficients of the equation (1) are constant and positive 
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then the equation (1) is linear and the concentration front coincides with the straight line characteristic 
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Assume that the functions ( ), ( ), ( )g S f S S/  are regular and positive in the neighborhood of 0S  . In general 
case, the line (7) is the concentration front and the characteristic of quasi-linear hyperbolic system (1), (2) as well. 
Since the conditions (3) ɢ (4) do not join at the origin, the solution has a gap on the characteristic (7) and 
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In the domain {0 1, }x t x:    ! D  the initial conditions (4), (5) can be replaced by one condition on the 
characteristic (7) 
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The solution of (1) - (5) coincides with the solution of Goursat problem (1) - (3), (9) in : . 
According to (2), (3) at the filter inlet 0x   the retained particle concentration 0( )s t  satisfies the equation 
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The solution of equation (10) in an implicit form 
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3. Asymptotic solution for small x
An asymptotic solution of the problem (1) - (3), (9) is constructed as a series in powers of the small parameter x: 
2
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Substituting expansions (12), (13) in equations (1), (2) and the boundary conditions (3), (9), we obtain a system of 
recurrent ordinary differential equations. Solving the system, we find the asymptotic solution of (1) - (5) in the 
domain :  for 0x o  
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Fig. 2 (a), (b) below show the graphs of the suspended and retained particle concentrations 0 0( , ), ( , )C x t S x t  for 
( ) 1 0.2g S S  ,  ( ) 1 0.1f S S  ,  ( ) 1S S/    throughout the filter length 0 1xd d  at the moments 0 1t   (black 
and blue lines) and 0 2t   (red and green lines). Each figure shows numerical calculations (solid lines) and linear 
asymptotic expansions (dashed lines). 
 
  
Fig. 2. (a) Suspended particle concentrations ( ,1), ( ,2)C x C x ;  (b) Retained particle concentrations ( ,1), ( ,2)S x S x . 
4. Condition on the equation coefficients
At the filter inlet the suspension has a constant concentration of suspended particles (0, ) 1C t  . While passing the 
filter part of the particles is retained, and the concentration of suspended particles ( , )C x t  decreases. To accomplish 
this, the coefficient of x in (15) has to be positive. Since the filtration coefficient  0 ( ) 0s t/ ! , then the term 
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must be positive. The inequality 
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defines a new necessary condition on the coefficients of deep bed filtration equation (1). The inequality (17) means 
that the function  ( ) / ( )g s s f s  should be increasing. 
The exact solution of the problem (1) - (5) at the concentration front t x D  [10] 
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According to (11) the retained particle concentration at the filter inlet is zero at the initial moment: 0(0) 0s  . 
After multiplying (16) by  0f  the inequality (17) for 0t   takes the form 
1 11 0g f D ! .   (19)
The relation (19) determines the decrease of suspended particle concentration (18) at the front t x D . 
Conclusion 
An asymptotic solution of deep bed filtration problem is obtained at the filter inlet. The asymptotics gives a good 
approximation of the solution for small x. Fig. 2 (a), (b) show that the asymptotic line is tangent to the graph of the 
solution. This means that the asymptotics is a linear approximation of the exact solution of the system (1)-(5). 
For constant coefficients (6) the asymptotic solution (14), (15) coincides with the asymptotics of a simple 
filtration system of equations [11]. 
A new necessary condition on the coefficients of the equation (1), providing the decrease of the solution along 
the filter, is obtained. In particular, this condition leads to a decrease of the suspended particle concentration at the 
concentration front. A separate work will be devoted to the proof that (17) is a sufficient condition for the solvability 
of the system (1) - (5). 
The asymptotic solution can be used for treatment and analysis of laboratory studies on deep bed filtration [12]. 
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